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Introduction

� � � � � � � � � � � � � � � �︸ ︷︷ ︸
16

∀� : � ∈ {0, 1}

Figure : Our 16-bit computer, with 216 configurations.
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Introduction

b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11 b12 b13 b14 b15 b16

∀i ∈ {1, 2, . . . , 16} : bi ∈ {0, 1}

Figure : Communicating a configuration of a deterministic computer.
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Introduction

b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11 b12 b13 b14 b15 b16︸ ︷︷ ︸
a 16-bit string ⇔ k ∈ N⇔ pk = 1

∀i ∈ {1, 2, . . . , 16} : bi ∈ {0, 1}

Figure : Communicating a configuration of a deterministic computer.
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Introduction

p1 p2 . . . p216

∀i ∈
{

1, 2, . . . , 216
}

: pi ∈ {0, 1}

216∑
i=1

pi = 1⇔ ∃!k : pk = 1

Figure : Communicating a configuration of a deterministic computer.
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Introduction

p1 p2 . . . p216

∀i ∈
{

1, 2, . . . , 216
}

: pi ∈ [0, 1]

216∑
i=1

pi = 1

Figure : Communicating a configuration of a probabilistic computer.
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Introduction

c1 c2 . . . c216

∀i ∈
{

1, 2, . . . , 216
}

: ci ∈ C

216∑
i=1

|ci |2 = 1 (*)

Figure : Communicating a configuration of a quantum computer.
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Quantum Computing 101

Quantum States
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Quantum Computing 101: Quantum States

B = {vi}216

i=1

v1 = 0 . . . 000

v2 = 0 . . . 001

...

v216 = 1 . . . 111︸ ︷︷ ︸
16
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Quantum Computing 101: Quantum States

v1 = 0 . . . 000︸ ︷︷ ︸
16

=



1

0
...

0

0




216

v2 = 0 . . . 001︸ ︷︷ ︸
16

=



0

1
...

0

0




216
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Quantum Computing 101: Quantum States

. . .
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Quantum Computing 101: Quantum States

v216−1 = 1 . . . 110︸ ︷︷ ︸
16

=



0

0
...

1

0




216

v216 = 1 . . . 111︸ ︷︷ ︸
16

=



0

0
...

0

1




216
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Quantum Computing 101: Quantum States

B = {vi}216

i=1

H′ = span (B,C) =


216∑
i=1

ci · vi | ∀i : ci ∈ C and vi ∈ B


= C216

H =
{
q ∈ H′ | ‖q‖2 = 1

}
⊆ H′
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Quantum Computing 101: Quantum States

H =
{
q ∈ C216 | ‖q‖2 = 1

}
= Our world.

⊆ C216
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Quantum Computing 101: Quantum States

n ∈ N

H =
{
q ∈ C2n | ‖q‖2 = 1

}
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Quantum Computing 101: Quantum States

n ∈ N

n = The number of qubits of our quantum system.

H =
{
q ∈ C2n | ‖q‖2 = 1

}
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Quantum Computing 101: Quantum States

n ∈ N

H =
{
q ∈ C2n | ‖q‖2 = 1

}
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Quantum Computing 101: Quantum States

n ∈ N

H =
{
q ∈ C2n | ‖q‖2 = 1

}

q =

 216∑
i=1

ci · vi

 ∈ H ⇔ ‖q‖2 = 1⇔
2n∑
i=1

|ci |2 = 1 (*)
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Quantum Computing 101: Quantum States

|ψ〉
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Quantum Computing 101: Quantum States

|ψ〉 ∈ H ⊆ C2n
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Quantum Computing 101: Quantum States

|ψ〉 = a ket

= a column vector

〈ψ| = a bra

= the dual of the ket |ψ〉
= |ψ〉†

= (|ψ〉∗)T =
(
|ψ〉T

)∗
= a row vector
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Quantum Computing 101: Quantum States

B = {vi}216

i=1

v1 = 0 . . . 000

v2 = 0 . . . 001

...

v216 = 1 . . . 111
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Quantum Computing 101: Quantum States

B = {|vi 〉}216

i=1

|v1〉 = |0 . . . 000〉
|v2〉 = |0 . . . 001〉

...

|v216〉 = |1 . . . 111〉
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Quantum Computing 101: Quantum States

B = {|vi 〉}216

i=1

|v1〉 = |0 . . . 000〉 = |1〉
|v2〉 = |0 . . . 001〉 = |2〉

...
...

|v216〉 = |1 . . . 111〉 =
∣∣216

〉
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Quantum Computing 101: Quantum States

Example: The qubit.

B = {|vi 〉}2
i=1

|v1〉 = |0〉 =

(
1

0

)

|v2〉 = |1〉 =

(
0

1

)
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Quantum Computing 101: Quantum States

I (|ψ〉 , |φ〉) = inner product

= 〈ψ|φ〉 ∈ C

O (|ψ〉 , |φ〉) = outer product

= |ψ〉〈φ| ∈ C2n×2n
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Quantum Computing 101

Unitary Evolution

30 / 91



Quantum Computing 101: Unitary Evolution

U |qold〉 = |qnew〉

U−1 = U† = (U∗)T =
(
UT
)∗
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Quantum Computing 101: Unitary Evolution

|qinitial〉 ∈ H
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Quantum Computing 101: Unitary Evolution

U1 |qinitial〉 ∈ H
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Quantum Computing 101: Unitary Evolution

U2U1 |qinitial〉 ∈ H
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Quantum Computing 101: Unitary Evolution

m ∈ N

Um · · ·U2U1 |qinitial〉 ∈ H
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Quantum Computing 101: Unitary Evolution

m ∈ N

|qfinal〉 = Um · · ·U2U1 |qinitial〉 ∈ H
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Quantum Computing 101: Unitary Evolution

m ∈ N

|qfinal〉 = Um · · ·U2U1 |qinitial〉 ∈ H

Figure : Our first quantum algorithm.
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Quantum Computing 101

Measurements
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Quantum Computing 101: Measurements

|ψ〉 =

(
2n∑
i=1

ci · |vi 〉

)
∈ H

n ∈ N

∀i : ci ∈ C and |vi 〉 ∈ B

2n∑
i=1

|ci |2 = 1 (*)
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Quantum Computing 101: Measurements

|ψ〉 =
2n∑
i=1

ci · |vi 〉
Measurement⇒ ∃j :

∣∣ψ′〉 = |vj〉

Pr [The outcome is j .] = |cj |2
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Quantum Computing 101: Measurements

|ψ〉 =
2n∑
i=1

ci · |vi 〉
Measurement⇒ ∃j :

∣∣ψ′〉 = |vj〉

Measurement⇒
∣∣ψ′′〉 = |vj〉

Pr [The outcome is j .] = |1|2

= 1
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Quantum Computing 101

Composition
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Quantum Computing 101: Composition

H1 H2

H1 ⊗H2
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Quantum Computing 101: Composition

Hqubit Hqubit

Hqubit ⊗Hqubit
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Quantum Computing 101: Composition

C2 C2

C2 ⊗ C2
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Quantum Computing 101: Composition

C2 C2

C2·2
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Quantum Computing 101: Composition

C2 C2

C4
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Quantum Computing 101: Composition

C2 C2

C4 = Htwo qubits
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Quantum Computing 101

A Comparison
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Quantum Computing 101: A Comparison

Table : Quantum mechanics and probability theory.

Probability Theory Quantum Mechanics

Real numbers in [0, 1] Complex numbers

Real numbers that sum to 1 Complex numbers that the squares
of their magnitudes sum to 1

The sum is equal to 1 The Euclidean norm is equal to 1

The sum is preserved The Euclidean norm is preserved

The L1-norm is preserved The L2-norm is preserved

Use of stochastic matrices Use of unitary matrices

50 / 91



Quantum Computing 101

Oracles
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Quantum Computing 101: Oracles

classical oracle f : {0, 1}n → {0, 1}

quantum oracle q1 : |ψ〉 7→ U |ψ〉

CPTP quantum oracle q2 : ρ 7→ U ρ

ρ = |ψ〉〈ψ| ∈ C2n×2n

U ρ =
∑
i

AiρA
†
i
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Quantum Computing 101: Oracles

classical oracle f : {0, 1}n → {0, 1}
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Quantum Computing 101: Oracles

W

WF

Figure : Our world, namely W, and a relativized world WF , induced by
calls to some oracle family F .
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Quantum Complexity
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Quantum Complexity

Some polynomial-time classes.

P ⊆ NP

⊆ MA

⊆ QMA

⊆ PP

P ⊆ BPP

⊆ BQP

⊆ QMA
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The Result
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The Result

∃F ∃L : L ∈ NPF and L /∈ BQPF
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The Result

F = {f1, f2, . . . , fn, . . .}
= {fn | fn : {0, 1}n → {0, 1}}
= Fgood ∪ Fbad

= Fgood ] Fbad

= {fn | ∃x ∈ {0, 1}n : fn (x) = 1}
] {fn | ∀x ∈ {0, 1}n : fn (x) = 0}

L = {1n | fn is good}
= {1n | ∃x ∈ {0, 1}n : fn (x) = 1}
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The Result

How do we use these Booleans fn in the quantum world?

On : |x〉 7→ (−1)fn(x) |x〉
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The Result

We show L ∈ NPF .
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The Result: We show L ∈ NPF

Given 1n, we guess a x ∈ {0, 1}n.

If fn (x) = 1, then 1n ∈ L, else 1n /∈ L.
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The Result

We show L /∈ BQPF .
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The Result: We show L /∈ BQPF

fn ∈ F = {fn}n

fn = hn or gn?

∀y : hn (y) = 0

∃!x : gn (x) = 1

hn ∈ Fbad

gn ∈ Fgood
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The Result: We show L /∈ BQPF

x , y ∈ {0, 1}n

OX : |y〉 7→ (−1)hn(y) |y〉 = |y〉

∀y : hn (y) = 0

OXx : |y〉 7→ (−1)gn(y) |y〉

∃!x : gn (x) = 1
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The Result: We show L /∈ BQPF

x , y ∈ {0, 1}n

OX : |y〉 7→ |y〉

OXx : |y〉 7→ |y〉
OXx : |x〉 7→ − |x〉

66 / 91



The Result: We show L /∈ BQPF

Suppose that we have two quantum computers with oracles OX,
and OXx .

Their initial states are |ψ0〉 ∈ H and |ψx
0 〉 ∈ H, respectively.

We set
|ψ0〉 = |ψx

0 〉 .
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The Result: We show L /∈ BQPF

|ψj〉 =
2n∑
y=1

αy , j |y〉

= the state just before the (j + 1)-th query of OX.

OX : |y〉 7→ |y〉

|ψj〉 = UjOX |ψj−1〉 = Uj1 |ψj−1〉 = Uj |ψj−1〉
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The Result: We show L /∈ BQPF

∣∣ψx
j

〉
=

2n∑
y=1

αx
y , j |y〉

= the state just before the (j + 1)-th query of OXx .

OXx : |y〉 7→ |y〉
OXx : |x〉 7→ − |x〉

∣∣ψx
j

〉
= UjOXx

∣∣ψx
j−1

〉∣∣∣ψ̃x
j

〉
= Uj

∣∣ψx
j−1

〉
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The Result: We show L /∈ BQPF

∥∥∥∣∣∣ψ̃x
j+1

〉
−
∣∣ψx

j+1

〉∥∥∥
2

=
∥∥Uj

∣∣ψx
j

〉
− UiOXx

∣∣ψx
j

〉∥∥
2

=
∥∥Uj

(∣∣ψx
j

〉
− OXx

∣∣ψx
j

〉)∥∥
2

≤ |det (Uj)|
∥∥∣∣ψx

j

〉
− OXx

∣∣ψx
j

〉∥∥
2

=
∥∥∣∣ψx

j

〉
− OXx

∣∣ψx
j

〉∥∥
2

=

∥∥∥∥∥∑
y

αx
y , j |y〉 − OXx

∑
y

αx
y , j |y〉

∥∥∥∥∥
2

=
∥∥αx

x , j |x〉 −
(
−αx

x , j |x〉
)∥∥

2

=
∥∥2αx

x , j |x〉
∥∥

2

=
∣∣2αx

x , j

∣∣ ‖|x〉‖2

= 2
∣∣αx

x , j

∣∣
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The Result: We show L /∈ BQPF

∥∥∥∣∣∣ψ̃x
j+1

〉
−
∣∣ψx

j+1

〉∥∥∥
2
≤ 2

∣∣αx
x , j

∣∣

71 / 91



The Result: We show L /∈ BQPF

∥∥|ψj+1〉 −
∣∣ψx

j+1

〉∥∥ ≤ ?
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The Result: We show L /∈ BQPF

∥∥|ψj+1〉 −
∣∣ψx

j+1

〉∥∥ ≤ ∥∥∥∣∣∣ψ̃x
j+1

〉
− |ψj+1〉

∥∥∥+
∥∥∥∣∣∣ψ̃x

j+1

〉
−
∣∣ψx

j+1

〉∥∥∥
≤
∥∥∥∣∣∣ψ̃x

j+1

〉
− |ψj+1〉

∥∥∥+ 2
∣∣αx

x , j

∣∣
=
∥∥Uj

∣∣ψx
j

〉
− Uj |ψj〉

∥∥+ 2
∣∣αx

x , j

∣∣
=
∥∥Uj

(∣∣ψx
j

〉
− |ψj〉

)∥∥+ 2
∣∣αx

x , j

∣∣
≤ |det (Uj)|

∥∥∣∣ψx
j

〉
− |ψj〉

∥∥+ 2
∣∣αx

x , j

∣∣
=
∥∥|ψj〉 −

∣∣ψx
j

〉∥∥+ 2
∣∣αx

x , j

∣∣

73 / 91



The Result: We show L /∈ BQPF

∥∥|ψj+1〉 −
∣∣ψx

j+1

〉∥∥ ≤ ∥∥|ψj〉 −
∣∣ψx

j

〉∥∥+ 2
∣∣αx

x , j

∣∣
...

≤ ‖|ψ0〉 − |ψx
0 〉‖︸ ︷︷ ︸

= 0

+

j∑
k=0

2
∣∣αx

x ,k

∣∣
=

j∑
k=0

2
∣∣αx

x ,k

∣∣

74 / 91



The Result: We show L /∈ BQPF

∥∥|ψj+1〉 −
∣∣ψx

j+1

〉∥∥ ≤ j∑
k=0

2
∣∣αx

x ,k

∣∣
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The Result: We show L /∈ BQPF

fn ∈ F = {fn}n

fn = hn or gn?

∀y : hn (y) = 0

∃!x : gn (x) = 1

hn ∈ Fbad

gn ∈ Fgood
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The Result: We show L /∈ BQPF

T = the total number of oracle queries.

Pr [the answer is correct] ≥ 2

3
⇒ ‖|ψT 〉 − |ψx

T 〉‖ >
1

3

Without proof!
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The Result: We show L /∈ BQPF

‖|ψT 〉 − |ψx
T 〉‖ >

1

3
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The Result: We show L /∈ BQPF

T−1∑
k=0

2
∣∣αx

x ,k

∣∣ ≥ ‖|ψT 〉 − |ψx
T 〉‖ >

1

3
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The Result: We show L /∈ BQPF

T−1∑
k=0

∣∣αx
x ,k

∣∣ ≥ 1

2
‖|ψT 〉 − |ψx

T 〉‖ >
1

6
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The Result: We show L /∈ BQPF

T−1∑
k=0

∣∣αx
x ,k

∣∣ > 1

6
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The Result: We show L /∈ BQPF

T−1∑
k=0

∣∣αx
x ,k

∣∣ > 1

6

N∑
x=1

T−1∑
k=0

∣∣αx
x ,k

∣∣ > N

6
(1)

N = 2n
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The Result: We show L /∈ BQPF

(
N∑

x=1

αx
x ,k |x〉

)
∈ H︸ ︷︷ ︸

By induction on k ∈ N.

⇔
N∑

x=1

∣∣αx
x ,k

∣∣2 = 1
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The Result: We show L /∈ BQPF

(
N∑

x=1

∣∣αx
x ,k

∣∣ · 1)2

≤

(
N∑

x=1

∣∣αx
x ,k

∣∣2) ·( N∑
x=1

12

)
= 1 · N

N∑
x=1

∣∣αx
x ,k

∣∣ ≤ √N
T−1∑
k=0

N∑
x=1

∣∣αx
x ,k

∣∣ ≤ T
√
N

N∑
x=1

T−1∑
k=0

∣∣αx
x ,k

∣∣ ≤ T
√
N (2)
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The Result: We show L /∈ BQPF

N∑
x=1

T−1∑
k=0

∣∣αx
x ,k

∣∣ > N

6
(1)

N∑
x=1

T−1∑
k=0

∣∣αx
x ,k

∣∣ ≤ T
√
N (2)

N

6
< T
√
N

T >

√
N

6

T ∈ Ω
(√

N
)

= Ω
(

2
n
2

)

85 / 91



The Result: We show L /∈ BQPF

fn ∈ F = {fn}n

fn = hn or gn?

∀y : hn (y) = 0

∃!x : gn (x) = 1

hn ∈ Fbad

gn ∈ Fgood
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Conclusion
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Conclusion: What have we learned?

••

88 / 91



Thank You!
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Appendix
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Appendix: Random Bits

|0〉 H
1√
2
|0〉+ 1√

2
|1〉

Pr [the outcome is 0] =

∣∣∣∣ 1√
2

∣∣∣∣2
=

1

2

=

∣∣∣∣ 1√
2

∣∣∣∣2
= Pr [the outcome is 1]
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