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Introduction

oooogooooooogogdg
16

vO:0Oe€ {0,1}

Figure : Our 16-bit computer, with 216 configurations.
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Introduction

b1 by b3 by bs bg by bg bg big b11 b12 b13 b1 bis big
Vie{l,2,...,16) : b € {0,1}

Figure : Communicating a configuration of a deterministic computer.
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Introduction

b1 by b3 bs bs bg by bg bg big b1 bi2 b1z bia bis big

a 16-bit string & ke N& pe =1

Vie{1,2,...,16} : b; € {0,1}

Figure : Communicating a configuration of a deterministic computer.

6
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Introduction

p1 p2 ... Pots
vie {1,2,...,2'%} : p; € {0,1}
216

Y pi=1eTk:p=1
i=1

Figure : Communicating a configuration of a deterministic computer.
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Introduction

p1 p2 ... Poi6
vie {1,2,...,2'%) : p; € [0,1]

216

Zpi =1
i—1

Figure : Communicating a configuration of a probabilistic computer.
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Introduction

CL & ... Ci6

vie {1,2,...,2"%) : g eC

216

dolal?=1
i=1

Figure : Communicating a configuration of a quantum computer.

*)
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Quantum Computing 101

Quantum States
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Quantum Computing 101: Quantum States

B={vi}i_
Vi ..000
Vo = ..001
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Quantum Computing 101: Quantum States

vi =0...000 =

vy =0...001 =

[l

= o

216

216
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Quantum Computing 101: Quantum States
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Quantum Computing 101: Quantum States

0
0
Vo g =1...110= | : 216
16 1
0
0
0
e =1...111= | : 216
16 0
1
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Quantum Computing 101: Quantum States

i=1

216
H' = span(B,C) = {Zc,--v,-Vi:c,-e(Cand v,-eB}
H={acH |llal,=1} SH’
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Quantum Computing 101: Quantum States

#={aeC||al,=1}
= Our world.

g C216
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Quantum Computing 101: Quantum States

neN

H={aecC”"||al,=1}
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Quantum Computing 101: Quantum States

neN

n = The number of qubits of our quantum system.

H={qeC¥||qll,=1}
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Quantum Computing 101: Quantum States

neN

H={aecC”"||al,=1}

20/91



Quantum Computing 101: Quantum States

neN

H={aeC”||qll,=1}

216 on
q= (Zci'V/) enelal,=1) la=1 (¥

i=1 i=1
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Quantum Computing 101: Quantum States

V)
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Quantum Computing 101: Quantum States

) € H C C¥
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Quantum Computing 101: Quantum States

[1) = a ket

= a column vector

(| = a bra
= the dual of the ket [¢))

= [y)!
= ()" = (107

= a row vector

24 /91



Quantum Computing 101: Quantum States

216
B={vi}i_
vi =0...000
vo =0...001

Vois = 1...111
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Quantum Computing 101: Quantum States

216

B ={|vi)}i_
lvi) = |0...000)
vo) = |0...001)

‘V216> = ’1 o 111)
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Quantum Computing 101: Quantum States

216

B ={lvi)}i=

lvy) = [0...000) = |1)
Vo) = [0...001) = [2)

|vare) = |1...111) = |21°)
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Quantum Computing 101: Quantum States

Example: The qubit.
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Quantum Computing 101: Quantum States

Z (1), |¢)) = inner product
= (¥lg) eC

O (|v),|¢)) = outer product
= [¥)(¢l €



Quantum Computing 101

Unitary Evolution
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Quantum Computing 101: Unitary Evolution

U |qold> = |qnew>

*

Ut = Ut = (U7 = <UT)
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Quantum Computing 101: Unitary Evolution

|Ginitial) € H
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Quantum Computing 101: Unitary Evolution

Ut | Ginitial) € H
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Quantum Computing 101: Unitary Evolution

Us Ut | Ginitial) € H
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Quantum Computing 101: Unitary Evolution

meN

Un - UaUr |Ginitial) € H
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Quantum Computing 101: Unitary Evolution

meN

|Gfinat) = Um - - - U2 U1 |Ginitial) € H
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Quantum Computing 101: Unitary Evolution

meN

|Gfinat) = Um - - - U2 U1 |Ginitial) € H

Figure : Our first quantum algorithm.
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Quantum Computing 101: Measurements

2”
) = (Zci : |Vi>> S
i=1

neN
Vi:ceCand |v;) € B
2’7

> el =1 *)

i=1
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Quantum Computing 101: Measurements

ZCI 1 Measurement E|_] ’Q,Z),> _ |VJ>

Pr[The outcome is j.] = |¢;|*
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Quantum Computing 101: Measurements

2n
|77/}> — Z Ci . ‘Vi> Measu:r>ement 3‘/ : ‘¢/> _ ’VJ>
i=1
Measu:r>ement ‘w”>

= [v;)

Pr[The outcome is j.] = |1
=1
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Quantum Computing 101: Composition

Hi1® Ho
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Quantum Computing 101: Composition

Hqubit by Hqubit
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Quantum Computing 101: Composition

C? ® C?
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Quantum Computing 101: Composition
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Quantum Computing 101: Composition
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Quantum Computing 101: Composition

4 _
C*= Htwo qubits
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Quantum Computing 101

A Comparison
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Quantum Computing 101: A Comparison

Table : Quantum mechanics and probability theory.

Probability Theory

Quantum Mechanics

Real numbers in [0, 1]

Real numbers that sum to 1

The sum is equal to 1
The sum is preserved

The Li-norm is preserved
Use of stochastic matrices

Complex numbers

Complex numbers that the squares
of their magnitudes sum to 1

The Euclidean norm is equal to 1
The Euclidean norm is preserved
The Ly-norm is preserved

Use of unitary matrices
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Oracles
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Quantum Computing 101: Oracles

classical oracle f : {0,1}" — {0,1}
quantum oracle q; : |¢) — U [¢)

CPTP quantum oracle > : p— % p
p=10)(] € €

Up="Y  AipAl
i

52 /91



Quantum Computing 101: Oracles

classical oracle f : {0,1}" — {0,1}
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Quantum Computing 101: Oracles

Figure : Our world, namely W, and a relativized world W7, induced by
calls to some oracle family F.
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Quantum Complexity
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Quantum Complexity

Some polynomial-time classes.

PC NP
C MA
C QMA
C PP

P C BPP
C BQP
C QMA

56
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The Result

3F3L:LeNP” and L ¢ BQP”
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The Result

F={f,fo ... ...}
= {fy | f,:{0,1}" — {0,1}}
= Fgood U Fbad
= Fgood ¥ Fpad
={f,| Ix€{0,1}": f,(x) =1}
W {fy | ¥x € {0,1}": £, (x) = 0}

L={1"|f,is good}
={1"|3x € {0,1}": fyy (x) = 1}
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The Result

How do we use these Booleans f, in the quantum world?

On : [x) = (—1)"0) |x)
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The Result

We show L € NP”.
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The Result: We show L € NP7

Given 1", we guess a x € {0,1}".

If f,(x) =1, then 1" € L, else 1" ¢ L.
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The Result

We show L ¢ BQP”.
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The Result: We show L ¢ BQP”

fn eF= {fn}n

fn = hn or gn?

Yy :hp(y)=0
dx:gp(x) =1

hp € Fpad
&n € fgood
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The Result: We show L ¢ BQP”

X,y € {07 1}n

Ox : y) = (1)) |y) = |y)

Yy :h,(y)=0

Ox, : ly) = (=1)20)|y)

dx:gy(x) =1
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The Result: We show L ¢ BQP”

X,y € {071}”
Ox : |y) = ly)

Ox, : ly) = ly)
Ox, : |x) = —|x)

66 /91



The Result: We show L ¢ BQP”

Suppose that we have two quantum computers with oracles Ox,

and Ox,.

Their initial states are |¢)g) € H and [i§) € H, respectively.

We set

[%0) = [¢5) -
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The Result: We show L ¢ BQP”

o
) = ayjly)
y=1

= the state just before the (j + 1)-th query of Ox.

Ox :ly) = ly)

[vj) = UiOx [hj-1) = Uil [thj—1) = U; [¥hj—1)
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The Result: We show L ¢ BQP”

2’1
[ =2 a5 ;1)
y=1
= the state just before the (j + 1)-th query of Ox_ .

Ox, :ly) = ly)
Ox, : |x) — —|x)

X

|v5) = U;Ox, |4 1)
¥) = Uilura)
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The Result: We show L ¢ BQP”

P ) = i), = 1 1) — viox [v)ll,

=16 (J¢5) = ox. [,

< [det (U] [|[0}) — Ox. [¢)]l,
= [ll¢) = ox. [¥)ll,

y

= [la%.jIx) = (=as; )

= H2a

i 1X) Hz
|2ax1‘ |||X ||2

—2’oz
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The Result: We show L ¢ BQP”

151)'(+1> - ’¢f+1>H2 < 2[af |




The Result: We show L ¢ BQP”

[1je1) = U5 <7
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The Result: We show L ¢ BQP”

) = lee) | < |50 = end]| + [ [ 50) = B
< H‘ﬁf+1> - Wj+1>H +2]af |
= |U; [¢5) = Uil + 2 e |
= [1U; ([¢5) = [ || + 2o ]
< [det (U] [[[v) — [0 + 2] ]
= [l — [ +2]ex ]
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The Result: We show L ¢ BQP”

g2} = )| < Nll) = 195 + 2 |

j
< |llo) = [vg) || + ) 2]
o) v ;) Kl

=0

J
= 22 ‘Oé§7k‘
k=0
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The Result: We show L ¢ BQP”

J
llsa) = [l < 3 2]l
k=0
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The Result: We show L ¢ BQP”

fn eF= {fn}n

fn = hn or gn?

Yy :hp(y)=0
dx:gp(x) =1

hp € Fpad
&n € fgood

76 /91



The Result: We show L ¢ BQP”

T = the total number of oracle queries.

2 1
Pr [the answer is correct] > 3 = ||lvr) — [ > 3

Without proof!
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The Result: We show L ¢ BQP”

1
llor) = vl > 5
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The Result: We show L ¢ BQP”

T-1

1
> 2faul = Ilwr) - Wl > 5

k=0
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The Result: We show L ¢ BQP”

I
)

’ax,k‘ > 5 ) — [P > 6
0

i
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The Result: We show L ¢ BQP”
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The Result: We show L ¢ BQP”
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The Result: We show L ¢ BQP”

N N
(Z % k |X>> ceH& Z ‘a;k}z =1
x=1

x=1

By induction on k € N.
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The Result: We show L ¢ BQP”

e« () (£

‘ai’k| S \/N

Mz

Il
—

\'
1M

-1

|| < TVN

~ X
RINE
[SRRAN

(1= 11

‘a§’k| < TVN (2)

0

x
Il
—
bl
I
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The Result: We show L ¢ BQP”
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The Result: We show L ¢ BQP”

fn eF= {fn}n

fn = hn or gn?

Yy :hp(y)=0
dx:gp(x) =1

hp € Fpad
&n € fgood
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Conclusion
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Conclusion: What have we learned?
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Thank You!




Appendix



Appendix: Random Bits

Pr [the outcome is 0] =

V2

= Pr [the outcome is 1]
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